Mersenne numbers and Fermat numbers are two hot and difficult issues in number theory. This paper constructs a special group for every positive odd number other than 1, and discovers an algorithm for determining the multiplicative order of 2 modulo q for each positive odd number q. It is worth mentioning that this paper discovers two symmetric properties of Mersenne numbers and Fermat numbers.
Introduction
A prime number is a positive integer p > 1 that has no positive integer divisors other than 1 and itself. A Mersenne prime is a prime number of the form M n = 2 n −1. Primes of this form were first studied by Euclid who explored their relationship with the even perfect numbers. They are named after the French monk Marin Mersenne who studied them in the early 17th century. It is easy to see that if n is a composite number then so is 2 n − 1. In other words, in order for the Mersenne number M n to be prime, n must be prime. The definition is therefore unchanged when written M p = 2 p − 1 where p is assumed prime. More generally, numbers of the form M n = 2 n − 1 without the primality requirement are called Mersenne numbers. Mersenne numbers are sometimes defined to have the additional requirement that n be prime, equivalently that they be pernicious Mersenne numbers, namely those pernicious numbers whose binary representation contains no zeros. The smallest composite pernicious Mersenne number arises with p = 11. This papers prefers to define a Mersenne number as a number of the form M p = 2 p − 1 with p restricted to prime values. 2 A special group for every positive odd number other than 1
Let q be any positive odd number larger than 1, we denote the set of all positive odd numbers less than q by G q , and denote the set of all positive odd numbers coprime to q in G q by G * q , and define a binary operation on G * q as follows:
such that 0 < ab − sq < q for some s ∈ N and 2 ∤ ab−sq 2 t for some t ∈ N. We denote
Now we do an interesting calculation as follows: 1) Let a 1 be any odd number in G *
4) Repeat the above process, so that we can also get a 4 , a 5 , · · · ; 5) Untill some n ∈ N * occurs such that a n+1 = a 1 , we get a cycle (a 1 , a 2 , · · · , a n ), which can be called a cycle generated by a 1 , absolutly it can also be generated by a 2 , · · · , a n . (a 1 , a 2 , · · · , a n ) is also called a cycle of length n or an n-cycle. Besides, we get a set {a 1 , a 2 , · · · , a n }, denote it by a 1 , we can also denote it by a i with any a i ∈ {a 1 , a 2 , · · · , a n }; 6) If a 1 = G * q , end the whole calculation. Otherwise we choose any positive odd number 
are all the sets we have got. 9) End the whole calculation.
If x = y, it is easy to show that there exists some k ∈ N such that x ≡ 2 k y (mod q). Now we prove that if there exists some
k1 y (mod q) with k 1 > 0, there exists some positive odd number r 1 such that x = 2 k1 y − r 1 q. We denote x by λ 1 and execute the calculation as above defined, then q + λ 1 = 2 k1 y − (r 1 − 1)q. If r 1 = 1, then λ 2 = y, so x = y. If r 1 > 1, there exist some s ∈ N * and some positive odd number t such that
k1−s y − tq, denote k 1 − s by k 2 and denote t by r 2 , then λ 2 = 2 k2 y − r 2 q. By analogy we have λ 1 = 2 k1 y − r 1 q, λ 2 = 2 k2 y − r 2 q, λ 3 = 2 k3 y − r 3 q, · · · , λ i = 2 ki y − r i q, · · · . With the increase of i, positive odd number r i becomes smaller and smaller, hence there exists some j ∈ N * such that r j = 1, then we have λ j+1 = y, therefore x = y.
We define a relation R * q on G * q × G * q as follows:
It is easy to verify that the relation R *
We can define a binary operation on G * q /R * q by ab = a * b, where x denotes the equivalence class of x ∈ G * q . First, we give the following proposition. Proof. For all x, y, z ∈ G * q , (x y)z = (x * y) * z, x(y z) = x * (y * z), there exist s 1 , s 2 , s 3 , s 4 , t 1 , t 2 , t 3 , t 4 ∈ N such that x * y = xy−s1q
, where 0 < xy − s 1 q < q, 0 < yz − s 3 q < q, 0 < xy−s1q [2] ), it follows that (x * y) * z = x * (y * z), then we have (x y)z = x(y z) which means the binary operation defined by ab = a * b satisfies the associative property. Therefore, G * q /R * q is a finite semigroup. Next, we give the following theorem. where 0 < ab − s 1 q < q for some s 1 ∈ N and ab−s1q 2 t 1 ≡ 1 (mod 2) for some t 1 ∈ N, and c * d = cd−s2q 2 t 2 where 0 < cd − s 2 q < q for some s 2 ∈ N and cd−s2q 2 t 2 ≡ 1 (mod 2) for some t 2 ∈ N, there exists some k ∈ N such that ab−s1q
(mod q). We can choose some large enough number k ∈ N such that k+t 1 −t 2 ≥ 0, thus ab ≡ 2 k+t1−t2 cd (mod q). Since a = c, there exists some r ∈ N such that a ≡ 2 r c (mod q). We can also choose some large enough number r ∈ N such that r If q is an odd composite number, for any d ∈ G q − G * q , we can also obtain a cycle by the same technique as above defined. The cycle generated by d can be called reducible cycle of q, conversely a cycle in G * q /R * q is called irreducible cycle of q.
We can also define a relation R q on G q × G q as follows:
G q /R q is defined to be the set of all equivalence classes of G q under R q . If we say all cycles of q, we mean all cycles in G q /R q ; if we say all irreducible cycles of q, we mean all cycles in G * q /R * q ; if we say all reducible cycles of q, we mean all cycles in G q /R q − G * q /R * q .
3 An algorithm for determining the multiplicative order of 2 modulo q for each positive odd number q
We denote the power of the prime factor 2 of an even number n by τ (n). By using a method in [4] , we have
Then we obtain x∈Gq τ (q + x) = q − 1.
For x ∈ G * q , we denote m∈x τ (q + m) by ξ(q, x). Now we give an arithmetical property of group G * q /R * q as follows.
Proposition 2. For every odd number q > 1, let x be any odd number in G * q , then ξ(q, x) is the smallest positive integer such that q | 2 ξ(q,x) − 1.
Proof. Let α 1 = x, and execute the calculation as defined in Section 2, then we obtain a cycle (α 1 , α 2 , · · · , α n ) generated by x. Let i 1 , i 2 , · · · , i n be positive integers such that
since α 1 is coprime to q, then we have
Now we show that for
σ α 2 (mod q) with 0 < σ < i 1 . Suppose there exist some v = 2 with 1 ≤ v ≤ n and some σ with 0 < σ < i 1 such that α 1 ≡ 2 σ α v (mod q), then there exists some positive integer l > 1 such that lq
2 σ q ≥ q, it's a contradition, thus for v = 1, 2, 3, · · · , n, α 1 ≡ 2 σ α v (mod q) with 0 < σ < i 1 . By analogy for u, v = 1, 2, 3, · · · , n, α u ≡ 2 σ α v (mod q) with 0 < σ < i u .
Suppose there exists some integer r with 0 < r <
If r = j k=1 i k with 1 ≤ j < n, since
from (1) and (2), we have
it's a contradiction, thus r = j k=1 i k for j = 1, 2, · · · , n − 1. Then there exists some h with 0 ≤ h ≤ n−1 such that
's a contradiction, thus there exists no integer h with 0 ≤ h ≤ n − 1 such that h k=0 i k < r < h+1 k=0 i k . It follows that there exists no integer r with 0 < r < n k=1 i k such that 2 r ≡ 1 (mod q). Therefore, the proposition has been proved.
Since ξ(q, x) is the smallest positive integer such that q | 2 ξ(q,x) − 1, then for all x, y ∈ G * q ,
(3) means the value of ξ(q, x) is not dependent on x, but only dependent on q, hence we can denote ξ(q, x) by ε(q), which is a function of q and denotes the multiplicative order of 2 modulo q.
Proposition 2 can be expressed as the following form.
Theorem 2. For every odd number q > 1, ε(q) is the multiplicative order of 2 modulo q.
Theorem 2 indeed gives a method of determining the multiplicative order of 2 modulo q for each positive odd number q.
Then we give a proposition as follows.
Proposition 3. Let q be a positive odd number other than 1, then
Corollary. Let p be a prime number other than 2, then
4 Some symmetric properties of G q /R q with q of the form 2 n − 1 or 2 2 n + 1 4.1 A symmetric property of G q /R q with q of the form 2 2 n + 1
For the first few Fermat numbers, we list all their cycles as follows.
G 5 /R 5 : (1, 3) . From the above examples, this paper proposes a conjecture as follows.
Conjecture 1.
For each natural number n, the cycles of F n are all 2 n -cycles. Moreover, a positive integer d other than 1 is factor of F n if and only if the cycles of d are all 2 n -cycles.
4.2 A symmetric property of G q /R q with q of the form 2 n − 1
For the first few numbers of the form 2 n − 1, we list all their cycles as follows. For G 2 n −1 /R 2 n −1 and G * 2 n −1 /R * 2 n −1 , we'll observe there are how many 1-cycles in them, how many 2-cycles in them, how many 3-cycles in them, · · · .
2) For every odd number q > 1, ε(q) is the multiplicative order of 2 modulo q.
3) For each natural number n, the cycles of F n are all 2 n -cycles. Moreover, a positive integer d other than 1 is factor of F n if and only if the cycles of d are all 2 n -cycles. 4) For each prime number p, the number of k-cycles of M p is However, this paper doesn't give the proofs of 3) and 4), so the reader who is interested in the two problems could do further research.
